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POINT CHARGE: FIELD AND FORCE
by
J.S. Kovacs and Kirby Morgan

1. Introduction

The electrostatic force between two point charges can be thought
of from two points of view. According to Coulomb’s law, the particles
exert a force on each other even though they are not in direct contact;
this is the action-at-a-distance concept. An alternative approach is the
field concept where one charge sets up an electrostatic field at each point
in space and the second particle feels a force due to the field. These
two points of view may seem to be equivalent and so the introduction of
the field concept appears to be superfluous; but it isn’t. For example,
when the charged particles move at relativistic speeds, the force will not
be transmitted instantaneously as required by the action-at-a-distance
viewpoint because of the finite speeds with which signals can propagate.
The field concept survives such difficulties and, furthermore, opens the
way to an understanding of more difficult topics such as the propagation
of electromagnetic signals and the properties of light. In this module we
confine our attention to defining the electric field vector and finding the
force on a particle in the presence of an electric field.

2. The Electric Field

2a. The Field Concept. The field concept enables us to avoid consid-
ering action-at-a-distance forces. Coulomb’s law states that two charged
particles exert forces on one another in spite of the fact that they are
not in physical contact; that’s action-at-a-distance. The alternative is to
view the situation in two steps. First, one of the particles establishes an
electric field such that, associated with every point in space, there is an
electric field vector. The other particle, placed at one of the points in
space, interacts via its own charge with the electric field at the point.
The force this particle feels is a contact-like force, exerted on it by the
field at the particle’s location. At another point, where the field has a
different magnitude and direction, the particle would feel a different force.
Another charged particle placed at the same point might have a different
force exerted on it.
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2b. Definition of E. The electric field vector or electric field strength,
E, at a point in space is defined in such a way that the force on a charged
particle placed at that point is given by

F=gE, (1)

where ¢ is the charge of the particle. If the field E varies from point to
point, it can be looked at mathematically as a vector function of position
and written as

E(z,y,2) = Eu(2,y,2)& + By (2,y,2)) + Ex(2,y,2)%,

where E,, E,, E, are the components of E, and z, y, z are the cartesian
coordinates of the point relative to some coordinate system. This is fre-
quently written as E(z,y, z) = E(F) where 7 is the vector from the origin
of the coordinate system to the point at which the electric field is to be
determined.

2c. The Electric Force. The force F = qE? on a charged particle
which is placed at a point designated by a vector 7, is independent of how
the electric field E comes about. Whether E is the electric field due to a
single point charge (located at some point in space other than 7, where
q is) or whether it is the electric field due to some distribution of a large
number of discrete charges, the force on charge q placed at point 7is given

by Eq. (1).

2d. Uniform Electric Field. For what sort of simple, physically
realizable situations can we write down a function which represents the
electric field for that system? The simplest function is a constant, i.e. the
field is uniform in magnitude and direction. A uniform electric field is such
that a charged particle placed at any point in the region of that field feels
the same force. Such a uniform electric field can be achieved between
two large parallel planes of equal but opposite uniform distributions of
charge.!

2e. Charge Motion in a Uniform Electric Field. The equation of
motion for an electric charge in an electric field is given by

mi=F =qE, (2)
or

i-T (3)

m

1See “Gauss’s Law Applied to Cylindrical and Planar Charge Distributions” (MISN-
0-133).
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Figure 1. A uniform electric field.

The velocity and position of the particle (of charge ¢ and mass m)
can be found by integrating Eq. (3). If the electric field is uniform, F is a
constant and a is a constant also. In this case for motion parallel to the
field.
v=uvg+ gEt, (4)
m

and
x = xo + vot + %Et2 Help: [S-1] . (5)

2f. Comparison to Gravitational Field. The constant electric field
has as an analog the gravitational field near the surface of the earth. Just
as the gravitational field interacts with the particle’s mass, the electric
field interacts with the charge of the particle.?2 The force on a particle of
mass m in a gravitational field ¢ is given by F mg while the force on a
particle of charge ¢ in an electric field Eis F = qE Near the surface of
the earth the gravitational field varies very little, but for greater distances
the field varies inversely as the square of the distance from the center of
the earth. The latter situation is analogous to the electric field of a point
charge.

3. Field of a Point Charge

3a. Derivation From Coulomb’s Law. The field of a point charge
can be determined from the definition of the electric field [Eq. (1)] and
Coulomb’s law.? With a particle of charge ¢’ placed at the origin of the

2The magnetic field, on the other hand, interacts with a charged particle in a more
complicated way, with its charge and velocity. See “Force on a Charged Particle in a
Magnetic Field” (MISN-0-122).

3See “Coulomb’s Law” (MISN-0-114).
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Figure 2. The Field of a Point Charge: (a) a positive
charge, (b) a negative charge.

coordinate system, the force on another particle with charge ¢, placed at
the end of the position vector 7, is given by

F=r%; (6)

directed along the unit vector 7, either away from or toward the origin
depending upon the sign of the product ¢¢’. Combining this with Eq. (1)
gives

E(F) = kit (7)

for the electric field at the position 7 due to the charge ¢’.

3b. Characteristics of the Field. Many quantitative and qualitative
aspects of the field of a point charge can be ascertained from Eq. (7). First
of all, the electric field vector points away from ¢’ if it is positive, and
toward it, if it is negative. Moreover, the field’s magnitude is not the same
at all points since it decreases inversely as the square of the distance from
the origin. The field due to a point charge is therefore an example of a
non-uniform field. What are the dimensions of the electric field vector?
From the definition, Eq. (1), it can be seen that F has the dimensions
newtons per coulomb (N/C).

3c. Field Due to More Than One Charge. To find E at a given
point for a group of charges, we must calculate F; due to each charge g;
as if it were the only charge present and then add the results vectorially:

ETotal:E1+EZ+'~~+En:ZE
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Figure 3. The net electric field due to two charges.

For example, Fig. 3 shows the resultant electric field E ata point P
due to two point charges of opposite sign.

3d. Lines of Force. Instead of sketching the electric field vector at
selected points (as was done in Figs. 1 and 2) another convenient way to
visualize the field is to imagine “lines of force.” The (imaginary) lines of
force are related to the electric field vector in these ways:

1. The tangent to the line of force gives the direction of E at that
point.

2. The number of lines of force drawn per unit cross-sectional area is
proportional to the magnitude of F.

The lines of force are shown in Fig. 4 for two oppositely charged parallel
planes and a positive point charge. Figure 5 shows the lines of force
present for the combination of two unlike charges and two like charges.

4. Calculating the Field

4a. Statement of the Problem. Three equivalent, alternative meth-
ods can be used for determining the electric field at an arbitrary point
in space due to a point charge at another arbitrary point in space (see
Fig.6). Notice that the displacement R from the charge @ to the point
P is now the relevant quantity in the determination of the electric field,
and not the position vector 7 of the point P with respect to the origin of

MISN-0-115 6

a) b)

e

Figure 4. Lines of force for: (a) oppositely charged parallel
planes; (b) positive point charge.

coordinates.

4b. Method 1: Cartesian Components of R. The electric field at
the point P is given by
Q

R?
where R is a unit vector pointing from the charge ) toward the point

P, and R is the distance from the charge to point P as shown in Fig. (7).
The direction of the unit vector R needs to be expressed in terms of the

Figure 5. Lines of force for two charges: (a) opposite
charges; (b) like charges.

E=k—-R, (8)

10
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Figure 6. A point charge @ is at point £ = —0.03m on the
z-axis. The electric field is to be determined at point P on
the y-axis.

unit vectors & and ¢ which are associated with the coordinate system.*

4The unit vector R itself is not generally useful. If there were several point charges in
this region, and the resultant field at P were needed, each charge would have associated
with it its own unit vector R and these couldn’t be easily combined unless each was
referred to a fixed reference system such as that determined by & and 3.

x>

/Pomt P

>

=X X
<>
>

Figure 7. The distance R from the source of the field charge
Q, to the point P where the electric field is to be determined
using Eq. (8).

11
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0.04 m
A
9 Figure 8. The direction of the
Q. \\9 field at P due to the point charge
. - X o
1 “ @ is given by the angle 9 that the
b 0.03m field vector F makes with the z-
| axis.
Thus (refer to Figs.6 and 7):
R = (0.03m)z + (0.04m)j, (9)
and Lo
R-R=R?=(0.05m)>. (10)

The unit vector R can be expressed by dividing R by its magnitude:
- R 003 004

R~ 005" T005” (11)
Thus the field F at point P can be written:

Ep = (3.6 x 10°N/C)R = (2.16 x 10°% + 2.88 x 10%)) N/C . Help: [5-2]
(12)

R in component form (in general) is:
R=R,&+R,j+R.2. (13)
(For the specific situation of Fig.6, R; = 0.03m, R, = 0.04m, R, = 0).

Thus:
= . QR Q [(Ro\ . (Ry\., (R:).
B=keps gy = ez KE)“ (f)“ (E) } - (1)

4c. Method 2: Magnitude and Direction. An alternative way of
expressing E at the point P would be in terms of its magnitude and an
angle relative to some fixed direction. As indicated in Fig.8, the angle R
makes with the z-axis can be determined from the right triangle involving

12
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Figure 9. Vector diagram illus-
| trating the relation between the
! vectors T, 7, and R.

R and the z- and y-components of R. The angle 6 can be found from its
tangent

0.04m 4
= — = — 1

tant = 5 0am ~ 3 (15)

0 = tan"'(4/3) = 53.1°. (16)

E is thus 3.6 x 108 N/C at 53.1° with respect to the positive z-axis (mea-
sured counter-clockwise). The field can then be decomposed into z and y
components:

E = E,i + E,j = Ecosfi + Esin6yj.

4d. Method 3: General Expression. A general expression for the
field at any point P due to a charge @) located at any other point can
be derived in terms of the cartesian coordinates of P. Rewriting the
expression for the electric field (Eq. (8)):

QR
€R2R7

Q

eﬁR:k

E=k (17)

where RR = ﬁ, the vector from ) to point P. We now define these
vectors (see Fig.9):

T = position vector from origin to charge @

7 = position vector from the origin to the point where we wish to
know the field.

R= displacement vector from @ to point P

From Fig. 9 we can see that:

F=7g+R,

13
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or

so that R has these components:
R, =z — zq; Ry =y —yo; R, =2—2p, (19)

and the magnitude of R is given by:

R=(R+R2+ R = [(x —20)* + (y —vg)* + (2 — 29)7] " .
(20)

Thus Eq. (17) can be written:

E =k, <%) E. (21)

~ T —TQ “ Y—Yq N e R
E= -
() (7)o ()=

with R defined in Eq. (20). Notice that this expresses the field in terms
of the coordinates of the location of the charge and the coordinates of the
location of some point in space. For our example in Fig. 6, all components
are zero except £g and y, so that

= Q |-zqg. y.
E=k -t | 72954 Yyl . 22
kRg[RHRy (22)

Here:

Here: zg = —0.03m (note the sign); y = +0.04m; R = 4+0.05m.

Substitution yields the previous result given in Eq.(12).
Help: [S-3]

Acknowledgments

Preparation of this module was supported in part by the National
Science Foundation, Division of Science Education Development and
Research, through Grant #SED 74-20088 to Michigan State Univer-
sity.

Glossary
e action-at-a-distance: a classical-mechanics viewpoint in which two

particles exert a force on each other even though they are not in direct

14
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contact. In quantum mechanics, such a force is transmitted from one
particle to the other by the exchange of virtual particles called quanta.

electric field: the vector quantity associated with a point in space,
representing the force per unit charge experienced by a test charge
placed in the field.

electric field vector: the vector representing the magnitude and
direction of the electric field at a given point in space.

electric force: the force on a particle due solely to the electric field
at the particle’s location.

field: a quantity that has a value at each point in space.

lines of force: (fictional) lines drawn to visualize the electric field;
the direction of the field is tangent to the lines at all points and the
magnitude of the field is proportional to the density of the lines.

non-uniform electric field: an electric field that has a different
direction and magnitude at different points in space.

uniform electric field: an electric field that has the same direction
and magnitude at all points in a region of space.

15

MISN-0-115 PS-1

PROBLEM SUPPLEMENT

Note: Problems 15 and 16 also occur in this module’s Model Exam.

. What is the magnitude and direction of E at a point midway between

two equal and opposite charges of magnitude 2.5 x 10~7 C which are
16 cm apart? What force (magnitude and direction) would act on an
electron (—1.60 x 10719 C) placed there?

. Two point charges with charge +3.0 x 10~7 C and +7.5 x 1073 C are

15 cm apart.

a. What magnitude of electric field does each produce at the position
of the other?

b. What magnitude of force acts on each?

. Three charges are arranged as shown below. Find the magnitude and

direction of the electric field at the origin due to the other two charges
and compute the force on gq.

+(

- rolew
4 ol

+Qe —-a * +Q

4. Find the point along the line joining the two charges shown below at

which the electric field due to the two charges is zero (a = 5cm).

16
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+3Q

PS-2

+
]

+2(

Find the magnitude and direction of the electric field at the center
of the circle which has charges arranged on it as shown below if ¢ =

2.0 x 10~7 C. The radius of the circle is 3.0 cm.

6. A positron, a particle of charge ¢ = +1.6 x 107 C and mass
m = 9.1 x 1073 kg, enters a uniform electric field —2.0 x 1073 N/C
with a velocity 2.0 x 103m/s . Find how far it travels before coming
(momentarily) to rest. Find its velocity after 1.0 x 1075 s.

17
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Brief Answers:

1. |E| = 7.0 x 105 N/C, toward the negative charge.
|F| = 1.1 x 10713 N, toward the positive charge.
2. a. E; =12 x 10°N/C

E, =3.0 x 10*N/C
b. F; =9.0 x 10°3N
F,=9.0 x 103N

3. E= (0.36)(4)(@)% g
F= (0.36)(4)(ke)% g Help: [S-6]

4. E =0 at 3.2cm to the right of the 3q charge. Help: [S-5]

PS-3

5. FE =2.8x105N/C, § = 45° with respect to positive z-axis. Help: [S-4]

6. 2 =5.7x10"3m Help: [S-7]

T=-15x10°m/s&

18
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Supplementary Problems:

7.

10.

11.

12.

13.

14.

15.

A point charge @4 is located at point x = a, y = 0, z = 0. Write
down the expression for the electric field at point x = —2a, y = 0,
z=0. Answer: 7

A charge Q1 = —3.00 x 1075 C is located at the origin of the coordi-
nates while a charge Qs = +4.00x 107% C is located at x = +0.300 m,
y = z = 0.000m. Find the resultant electric field at the point,
x=0.600m, y = z = 0.00m. Answer: 10

Do the same for the point z = 40.10m, y = z = 0.00 m Answer: 15.

Using the results of Problems 8 and 9, find the force at each of the
points in these problems on a +2.0 x 1078 C charge: Problem 8 An-
swer: ; Problem 9 Answer: 13.

Is the force on this particle constant? Answer: 2 This force will cause
the particle to accelerate. Will the acceleration be constant? Answer:
16 (Can you use the same kinematic equations relating position, ve-
locity, and acceleration as you do for a particle in the constant gravity
field near the surface of the earth? Answer: 19

Repeat Problem 10 for a charge of —2.0 x 1078 C. Answer: , Answer:
18.

A uniform electric field E = (45.0 x 107 N C~1)2 exists in a region of
space.

a. What is the force that +3.0 x 107% C charge feels when placed at
a point in this region? Answer: 15

b. What force does a —3 x 107% C charge feel in this same region?
Answer: 14

Repeat Problem 11, applying it to the particle of Problem 13. Answer:
16

Three charges are arranged as shown:

19
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y
00, =2.0x107"C

0.05m
l 0.12m

Q;=3.0x107"¢C

|
*

Q;=1.0x107¢C X

a. Find the electric field at the point z = 0.120m, y = 0.0500 m due
to the three charges located as shown above. Answer: 20

b. Find the force on charge ¢3, due to g2 and g;. Answer: 20

16. Find the acceleration of an alpha particle (charge= +2e, mass= M)

in a uniform electric field Ey. If its initial velocity vg is perpendicular
to the field, find the equations for its displacement as functions of
time. Answer: 21

20
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Brief Answers:

10.
11.
12.
13.
14.
15.
16.

17.

18.

19.
20.

21.

F=(65x10"3N)#

. No
. —6.5x 103Nz

3.25 x 10°N/C 2
1.5 x 102N 2

No
~72x1072Nz#
—-1.5x 102N 2
—3.6 x 10°N/C#

All answers are Yes.

7.2 x 1072 N&

No

a. E = (2.72 x 10°N/C)& + (4.21 x 10° N/C)j
b. F = (0.0285N)z — (0.0041 N)j

a= (2eE/Ma)g)
xr = xg + vt

Y=1Yo + EEt2/Moz

MISN-0-115 AS-1

SPECIAL ASSISTANCE SUPPLEMENT

S-1 (from TX-2e)

v _aE
T dt T m

t (4
L = [ (EE) dt’
v—vy = 2Et
m

dx q
=—=—Ft
v ar m + o

JZ da’ = [ (%Et’) dt' + [ vodt’

4

Et? 4 vt
2m

r— o=

S-2 (from TX-4b)

1076 C
0.0025 m?

Q _
E = kepy = (899 10°Nm? C™?)

=3.60 x 10°N/C

E(P) = 3.60 x 105 (N/C) K%) - <%) y]

= 2.16 x 105 (N/C)& + 2.88 x 10° (N/C)g

22
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S-3 (from TX-4d)
g, () oy (20
E=keps K R >x+<o.05>y}

_ 9 20—~ |23 — |y
= (8.99 x 10’ Nm* C )(O.O5m)2 {(0.05) T+ (0.05) y]

=2.16 x 10% (N/C)& + 2.88 x 106 (N/C)j

MISN-0-115 AS-3

S-5 (from PS, problem 4)

q1 q2
he 2 he (a —x)?

(3q)(a — x)? = qa? or: 222 — 6az + 3a% =0

1/2

G (360 - 2402)"/* _3a%(30%)""  (3)(5em) £ (5em)V3

4 2 2
These two answers are 3.2cm and 11.8 cm, but since the fields are in
the same direction at = 11.8 cm this is not a true cancellation, so only
z = 3.2cm is correct.

S-4 (from PS, problem 5)
02 =+(Q
y
Q3=-9 Qy=-2q A
X
04 = +2Q
Bui = ko4 (—3) + k=L (2) = koL 5
R? R? R?
N +q, . +2q . q .
By = ket (=9) + ke (§) = ke 739
20x1077C, .

E = (899 X 109 Nm2 072)W(x + :l])

23

S-6 (from PS, problem 3)
BB+ B=k S [”;{2 i Ey} - [_“ﬁf + Ey]
= k’eW(a +a)y
S-7 (from PS, problem 6)

E,=-20x10"3(N/C)
v; = 2.0 x 103m/s

CgE, (1.6 x10719C)(=2.0 x 1073N/C)

ay = —35x10%m/s’

m 9.1 x 1031 kg
2 2
V4 — VS
V2 —v? =2 =z = / !
f ¢ 2a
vV — U
fuf:vi—i—at:>t:u
a

24
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MODEL EXAM
ke =8.99 x 10°Nm? C—2
1. See Output Skills K1-K3 in this module’s ID Sheet.
2. Three charges are arranged as shown:
y
®0,=20x107"¢C

0.05m
l 0.12m

Q;=3.0x107¢C Q;=1.0x107¢C X

*

a. Find the electric field at the point x = 0.12m, y = 0.050 m due to
the three charges located as shown above.

b. Find the force on charge g3, due to ¢2 and q;.

3. Find the acceleration of an alpha particle (charge= 42e, mass= M)
in a uniform electric field Ey. If its initial velocity vg is perpendicular
to the field, find the equations for its displacement as functions of time.

Brief Answers:

1. See this module’s text.
2. See Problem 15 in this module’s Problem Supplement.

3. See Problem 16 in this module’s Problem Supplement.
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